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1. Introduction 



In this paper we study scalar curvature functions on some open manifolds. A classifi- 
cation result of Kazdan and Warner (with an improvement by Berard Bergery) states 
that if is a compact n-manifold without boundary, n > 3, then belongs to one 
of the following three catagories ([2] p. 125). 

(A) Any smooth function on N is the scalar curvature of some Riemannian metric 
on A^. 

(B) A smooth function on is the scalar curvature of some Riemannian metric on 
A^ if and only if the function is either identically zero or strictly negative somewhere; 
moreover, any metric with vanishing scalar curvature is Ricci-flat. 
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(C) A smooth function on N is the scalar curvature of some Riemannian metric on 
if and only if the function is negative somewhere. 

Thus if the manifold N admits a Riemannian metric of positive scalar curva- 
ture, then it belongs to class (A). If A^ admits a Riemannian metric of zero scalar 
curvature and cannot admit a metric of positive scalar curvature, then it belongs to 
class (B). And any Riemannian metric on a manifold belongs to class (C) has scalar 
curvature negative somewhere. This completely answers the question of which smooth 
functions are scalar curvatures of Riemannian metrics on a compact manifold N. For 
noncompact manifolds, many important works have been done on the question of how 
to determine which smooth functions are scalar curvatures of complete Riemannian 
metrics on an open manifold. Results of Gromov and Lawson [5] show that some open 
manifolds cannot carry complete Riemannian metrics of positive scalar curvature, for 
examples, weakly enlargeable manifolds. Furthermore, they show that some open 
manifolds cannot even admit complete Riemannian metrics with scalar curvatures 
uniformly positive outside a compact set and with Ricci curvatures bounded ([5], [6] 
p. 322). On the other hand, it is known that each open manifold of dimension bigger 
than 2 admits a complete Riemannian metric of constant negative scalar curvature 
[3]. It follows from the results of Aviles and McOwen [1] that any bounded negative 
function on an open manifold of dimension bigger than 2 is the scalar curvature of a 
complete Riemannian metric. 

By using conformal deformation, Ni and other authors have studied which 
functions on R" are scalar curvatures of complete Riemannian metrics that are con- 
formal to the Euclidean metric [8]. While in [10], Ratto, Rigoli and Veron give a 
rather detailed study of similar problem on a hyperbolic space using conformal defor- 
mation. In [7], we apply conformal deformation to study scalar curvatures on more 
general types of open manifolds. Due to large variety of structures on open manifolds, 
it is rather unclear how to consider the scalar curvature question on an arbitrary open 
manifold. We will mainly restrict ourselves to open manifolds that have compactifi- 
cations. 

Let M be a compact {n + l)-manifold with boundary dM and interior M. 
The boundary dM has finite number of connected components, and each component 
is a compact n-manifold without boundary. In this paper, we discuss the method of 
using warped products and conformal deformation to construct complete Riemannian 
metrics on M with specific scalar curvatures. By making use of the boundary, we 
can construct warped products at the ends of M. It is shown that if the boundary 
components belong to class (A) or (B), then M admits a complete Riemannian met- 
ric with positive scalar curvature outside a compact set. If a boundary component 
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belongs to class (C), then we can construct complete Riemannian metric with scalar 
curvature approaching zero near the end. We discuss restrictions of using warped 
products and conformal deformation to obtain complete Riemannian metric of posi- 
tive scalar curvature outside a compact set. If a connected component of dM belongs 
to class (C), then we show that, under mild assumptions of warping functions, it is 
not possible to conformally deform warped product metrics to complete metrics on M 
with nonnegative scalar curvature outside a compact set (theorem 3.8). In section 4 
we discuss the scalar curvature functions and conformal deformation of more general 
type of Riemannian metrics known as polar type Riemannian metrics . We discuss 
some restrictions of using polar type Riemannian metrics and conformal deformations 
to obtain nonnegative scalar curvature outside a compact set of M (theorem 4.18). 

2. Boundary components in class (A) or (B) 

Let {N,g) be a Riemannian manifold of dimenison n and let / : (2, oo) be a 

smooth function. The warped product of and (2, oo) with warping function / is 
defined to be the Riemannian manifold ((2, oo) x N, g') with 

(1.1) g'^df + f(t)g. 

Let R{g) be the scalar curvature of {N, g). Then the scalar curvature R of g' is given 
by the equation 

(1-2) R{t,x) = -j^^{R{g){x) - 2nf{t)f"{t) - n{n - l)\fm 

for t e (2, oo) and x & N . In section 4 we discuss a more general formular for the 
scalar curvature of the Riemannian metric dt'^+p{x, t)g, where / is a positive smooth 
function of (2, oo) and N. When / is a constant function, the metric g' in (1.1) is 
known as a conic metric. See [7] for a discussion of scalar curvature and conformal 
deformation of conic metrics. If we denote 

u{t) = f'^{t), t>2, 

then equation (1.2) can be changed into [4] 

(1.3) -^^u" + Ru - R(g)u^ ^ . 

^ ' n+1 ^ ' 

Let be a compact (n + l)-manifold with boundary dM and interior M. In this 
paper we assume that the boundary is nonempty and has connected components 
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Ni,N2, ■■■,Nk. Each Ni is a compact n-manifold without boundary. A neighborhood 
of Ni in M is diffeomorphic to (2, oo) x Ni, i = 1,2, .., k. The existence of a complete 
Riemannian metric on M with constant negative scalar curvature has been proved in 
[3]. In the present case we have a simplier proof. 

Proposition 1.4. If n > 3, then on M there is a complete metric of constant 
negative scalar curvature which is a product metric near infinity. 

Proof. On the compact manifold N^, there exists a metric Qi of constant negative 
scalar curvature. Using the product metric on each (2, oo) x N^ and extending to the 
whole M, we obtain a complete Riemannian metric gi on M with scalar curvature 
R{gi) being a negative constant outside a compact set. Let u he a. nonnegative 
smooth function on M such that u = 1 on dM x (2, b) for some b > 2, u = on 
^i=i{b + 1, oo) X Ni and | V '^1 < C'o for some positive constant Co independent on b. 
For b large enough, we have 



Using a result of Aviles and McOwen [1], g can be conformally deformed into a com- 
plete Riemannian metric of constant negative scalar curvature. Furthermore, the 
conformal factor can be chosen to be equal to a positive constant outside a compact 
set. Q.E.D. 

Corollary 1.5. [1] Any negative smooth function on M is the scalar curvature of 
a complete metric on M. 

Proof. The function is a bounded negative function. Using the complete Rie- 
mannian metric constructed above, we can conformally deform it into a complete 
Riemannian metric with the prescribed scalar curvature. Q.E.D. 

Consider the case when scalar curvature functions can be positive. For 1 < 
i < k, a the manifold Ni admits a Riemannian metric of positive scalar cuvature, 
then the product metric 



has positive scalar curvature on (2 , oo) x Ni. If Ni admits a Riemannian metric of 
zero scalar curvature, then we let u{t) = in (1.3), where a G (0, 1) is a constant. 
We have 




dt'^ + gi 



(1.6) 



R 



An 



a{l-a)->0, t>2. 



(n + 1) 



Therefore we obtain the following. 



4 



Theorem 1.7. For n > 3, let M be the interior of a compact {n + l)-manifold with 
boundary. Suppose that the boundary components are in class (A) or (B), then on M 
there is a complete Riemannian metric of positive scalar curvature outside a compact 
set 

We note that the term a{l — a) achieves its maximum when a — 1/2. And 
when u — t^ we have 

An 11 

R — ~, 7VT~^ 1 t > 1 . 

We show that this is almost the best possible. 

Lemma 1.8. If R{g) = 0, then there are no positive solutions to the equation (1.3) 
with 

An c 1 

where c> 1 and tg > 2 are constants. 
Proof. Assume that 

An c 1 

with c > 1. Equations (1.3) gives 

t\"(t) + ^u<0. 
A 

Let 

U{t) = f^vit) , t>to, 

where a > is a constant and v{t) > is a smooth function. Then we have 
u"{t) = a{a - 1)^"-^^) + ^af^-^v'it) + t'^v"{t) . 

And we obtain 

(1.9) t'^vit) [a{a - 1) + ^] + 2at'^^\\t) + t'^'^^^t) < . 
Let 5 be a positive constant such that 5"^ — {c — l)/4. Then we have 

a{a-l) + l^{a-\f+'-^>8'. 
Then 5 is a constant independent on a. (1.9) gives 

(1.10) 2atv'{t) + t^v"{t) < -5\{t) . 
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Let P = 2a and we choose a > such that (3 < 1, that is, a < 1/2. Then (1.10) 
becomes 

(*M*))'<-$f . 

Upon integration we have 

(1.11) t^v'it) - rV(r) < - ^-^ds , t>T>to. 

If v'{t) < for some r > to, then (1.11) imphest that 

t^v'{t) < -C 
for some positive constant C. We have 

v{t) < v{t) - -^ds = v{t) - YZr^lr ' 

as /5 < 1. Hence v(t) < for some t, contradicting that u{t) > for all t > to- Thus 
we have v'{t) > for all t > to- (l-H) implies that 

for alH > T > to- As v'{t) > for all t > to, we have 

rV(r) >.(r) ^ = vir)^[-^]\i . 

Let t — > oo we have 

m ,, , v(r) (5^ 

Or after changing the parameter we have 

v'it) 1 5^ 
v[t) tl — p 

Choosing a < 1/2 close to 1/2 so that /3 < 1 is close to 1 and using the fact that 5 is 
independent on a or /3, we have 

v'{t) ^ N 

'v(T) ~ T 

for a big integer N > 2. This gives 

^;(i)>Ci^, t>to, 
where C is a positive constant. (1-11) implies that 



t^v\t) < t^v'{t) - 
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ds — >• — oo as t — >• oo . 



Thus v'{t) < for t large. Q.E.D. 

In particular, if R{g) = 0, then using warped product it is impossible to obtain 
a Riemannian metric of uniformly positive scalar curvature. The best we can do is 
when u{t) = , or f{t) = t"+T, where the scalar curvature is positive but goes to 
zero at infinity. It can also be shown that one cannot conformally deform the metric 

into a complete metric of uniformly positive scalar curvature outside a compact set. 
For simplicity we assume that the boundary of M is connected. The case where dM 
has more than one connected component is similar. 

Theorem 1.12 For n > 3, let M be a compact {n + l)-manifold with boundary N. 
Suppose that N admits a Riemannian metric g of zero scalar curvature. Let g' be a 
complete Riemannian metric on M with 

g'{t,x) ^ dt^ + t^g{x) on (2,oo)x9M. 

Then the Riemannian metric g' cannot be conformally deformed in a complete Rie- 
mannian metric of uniformly positive scalar curvature outside a compact set. 

Proof. For the metric g' — dt^ + f'^{t)g the Laplacian is given by 

d'^u nf'{t)du 1 , 
(1.13) A,„=^ + ^- + j5^A,„, 

where is the Laplacian for the Riemannian metric g. Let g" — u^^^'^'^^g' be a 
conformal deformation of g\ where is a positive smooth function. Assume that g" 
is complete and the scalar curvature of g" , Rgii > (? outside a compact set, where c 
is positive constant. Using (1.2) and the conformal scalar curvature eqaution [7], we 
have 

d^u nf'(t)du 1 . 1 n — 1 x ^ , ,x,w/m9t ->{t(' — ^ 

for all t > t', where > 2 is a constant. Fix a value t > t' and integrate the above 
inequality with respect to the fixed Riemannian manifold {N,g), we have 

d\ [ , . nf'{t) d 



n + 3 
n-1 



;i.l4) -(j^uMdv,) + '^^(j^u(.,t)dv, 



n 



{2n/(t)r(t)+n(n-l)|/'(t)r}(|^«(a;,t)d^,)<-c2^^^ J^u^^dv^, 



f\t) An 

where we have used Green's identity. For t >t', let 

U{t) = / u{x, t)dV(^ 
Jn 
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Using the Holder inequality we have 

f IL 

Jn 



[Vol(A^,^)]^ 



Thus we have 



where e is a positive constant given by 

.^(/, - 1) 



e 



4n[Vol(A^,^)]^ 
In this case f{t) = for t > 2, we have 

(1.16) U" + -^^ - < -e^C/^S? . 
^ ^ n + 1 i 4(n + 1) ^2 - 

Let U{t) — t°'v{t) for t > t', where a is a constant to be determined later and v{t) is 
a positive smooth function. We have 

U"{t) = a{a - l)e-\{t) + 2ae-'v'{t) + ev"{t) . 

Equation (1.16) gives 

(1.17) r-Mc^^ —a--^—\]+t''-'v'[-!^ + 2a]+t''v"{t) < -eH^^^v^^ . 

^ ' ^ n + 1 4(n + l)^ ^n + 1 ^ 

The quadratic term 



2 1 ^ - 1 

q\a) — a -a — — — 

^ ^ n + 1 4(n + l) 



has zeros at 



For 



1, 1 / 1 n-1 

2^n + l ^ {n + iy^ n + V' 



I, I 1 n-1. 



2 n + 1 V + 1)^ ^ + 1 
we have q{a.) > 0. If we take a = — (n — l)/2, then 



Prom (1.17) we have 



a — 2 — ^'^^ a — . 
n — 1 



tv'i^^ + 2a) + t^v" < -e^v^ 
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Or 

(1.18) (i^+%')' < -e^i^+''^-\^ . 
Integrating both sides of (1-18) we obtain 

(1.19) t^+%'(t) < tS^^\'{Q - /%^+2"-\(5)^rf5. 
If there exists a, to > t' such that v'{to) < 0, then we have 

for all t > to, where c is a positive constant. Thus 

v'{t) < -c^r-^-^ 

for all t > to ■ Therefore we have v{t) < for t large, which is a contracdiction. Hence 
v'{t) > for all t > t'. Then the inequahty in (1.19) gives 

(1.20) t^+2V(t) > J' s^+2"-\(s)^ds , 
where t > r > t'. As v'{t) > 0, we have 



As a = —{n — l)/2 and n > 3, we have 

n 



+ 2a-2<-l. 



n + l 

Therefore after integration and let t — > oo, we have 

// N /In / v(t) 

v {r) > Ci{-)v{t)^ > C2^^ 

T T 

for all r > 2, where ci and C2 are positive constants. We have made use of the fact 
that v'{t) > for all t > 2 imphes that v{t) is bounded from below by a positive 
constant. Thus 

v{t) > Cf^ 

for all t > 3, where C is a positive constant. Substitute into the right hand side of 
(1.20) gives 
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for t > T > 3. As in above, after integration we obtain 

// N v(t) ^ v(t) 
v'{r) > > 

where (5 < 1 is a positive constant, C3 and C2 are positive constant. Furthermore, we 
may assume that 

Ci > + 2a-2 

~ n + 1 

for all t large enough. Thus 

v(t) > C^f^ 

for all t large enough, where C3 is a positive constant. Substitute into the first 
inequality in (1.20) gives 

rt 



(1.21) T^^^'"^v\T)>C^j^ 



ds 



for all r large enough, where C4 is a positive constant. But this is impossible as the 
right hand side of (1.21) tends to infinity as t — > cxo. Q.E.D. 



3. Boundary components in class (C) 

In this section we assume that at least one of the boundary components of M, namely 
A^i, belongs to class (C). Then any Riemannian metric g on A^i would have the scalar 
curvature negative somewhere. Take a Riemannian metric gi on A^i with R{g\) — 
—n{n — 1). Then equations (1.3) becomes 

4.77, n — 3 

(3.1) u" + n(n-l)u^ + Ru^O. 

^ ' n+1 ^ ' 

Lemma 3.2. Assume that R e C°°{[2, 00)) is a negative function such that R > —d^ 
for some 'positive constant a and 

R{t)<-^ for t>to, 

where to > 2, C and a < 2 are positive constants. If a = 2, we assume that 
C > n{n — 1). Then equation (3.1) has a positive solution on (2, 00). 

Proof. If q; < 2, then we let w+ = c+ + and U- — C-, where c+, c_ and m are 
positive numbers. If we take c+ and m large enough and take c_ small, then we have 

1// 



YM+" + n(n - 1)m^+' + Ru+ < , 
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477, "-'"i 

-uJ' + n{n - l)ul+' + Ru- > . 



n + 1 

By the upper and lower solution method, we obtain a positive solution (c.f. [7]). In 
case a — 2 and C > n{n — 1), we may take u+ — C+t^"'"^-^)/^, where C+ is a positive 
constant. Then 

An 

+ n{n - + Ru+ 

< C+n(n - l)t'^ + n(n + l)c|+^i'^ - C+[n(n - 1) + ejt"^ < , 

if we take C+ to be large enough. Here e = C — n{n — 1) >Oisa positive constant. 
Take U- to be a small positive constant. In this case, we obtain a positive solution 
as in above. Q.E.D. 

In the above lemma, when a — 2 and C > n{n — 1), we have the following. 

Lemma 3.3. Suppose that Ni belongs to class (C). Let g he a Riemannian metric 
on Ni. On the end (2, oo) x A^i, there does not exist a warped product metric 

g'^dt' + f{t)g 

with scalar curvature 

„ n(n — 1) 

for all X & Ni and t > to > 2, where to is a constant. 

Proof. Assume that we can find a warped product metric on (2, oo) x A^i with 

n{n - 1) 
^- ^ 

for all X E Ni and t > to > 2. We may assume that the scalar curvature of g is equal 
to — at Xo E Ni, where k is a positive constant. With u(t) — f^{t) and at Xo, by 
(1.3) we have 

, An u" n(n — l) 

n+1 U ^^TTFT t^ 



In particular 
That is. 

Consider the inequality 



nf^ ^ (n + l)(n- 1) 



n+1 „ (n+l)(n— 1) n-3 

t—u" < -t—u. 



u"{t) ^ C 

U{t) - ^2 
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for t > to > 2, where C > 1 is a constant. Let £ > 1 be a constant such that 
e{e — 1) = C. Then we have 

fu"{t) < e{e - l)f-Mt) ■ 

Upon integration from ti > tg to t > ti, and using integration by parts twice, we 
obtain 



fu'{t) - ef-^u{t) - t\u'{ti) + et\'^u{ti) + e{e - I) ( s''\{s)ds <C f s''\{s)ds . 

Jti Jti 

Therefore we have 

(3.5) fu'{t) - ef-^u{t) < t\u'{ti) - et\-\{h) . 

If there is a number ti > to such that u'{ti) < 0, then we have 

fu'{t) - ef~\{t) < . 

This gives 

(InM(t))' < £(lni)'. 

Hence 

u{t) < cf 

for all t > ti, where c is a positive constant. If u'{t) > for all t > to, then u{t) > c' 
for some positive constant c'. Let C be a positive constant such that 

tlu'{ti) - etl-^u{ti) < C , 

then (3.5) gives 

t'u'{t) - ef-^u{t) < C 

for alH > ti. Thus 

u'it) e C e C 

< - 4 < - H 

u{t) - t u{t)t' - t ct' 

Integrating from ti to t we have 

n «(t) , , t , C , ,C't, 

In— ^ < eln - + < sin , 

as £ > 1. Here C is a positive constant such that InC" > C/{c'ti). Hence we again 
obtain the inequality 

u{t) < bf 
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for some positive constant b and for all t > ti. Thus we find a constant c > such 
that 

(3.6) u{t) < cf 

for all t > ti. In case C = (n + l)(n — l)/4 we take e — {n + l)/2, we have 

u{t) < ct— . 

Then 

^ C' 
-J- - ^.2' 

^ n + l V 

where c' is a positive constant. Hence (3.4) gives 

u" (n + l)(n-l)-5 

where 5 > is a costant. Similarly we have 

u{t) < ct—-^ 

and 

2 c" 



> 



fi 

^ n + l 

for some positive constants S', e and c". Thus (3.4) gives 

u"{t) < 

for t large and hence u{t) < Ct for some contant C > 0. Prom (3.4) we have 

u"{t) ^ n{n — 1)^ c 

uit) ~ (Ct)^ - t 

for t large enough, as n > 3. Here c is a positive constant. We have 



u'(t) - u'(t') < -c t , t>ti 

Jt' s 



If u'{t') < for some t' , then u'{t) < — Ci for some positive constant Ci. Hence 
u{t) < for i large enough, contradicting the fact that u is positive. If u'{t) > for 
all t large, then 



-ds oo . 



s 

Thus u' has to be negative for some t large. Q.E.D. 
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The result in lemma 3.3 is almost sharp as we can get as close to —n{n — l)/t^ 
as possible. For example, Let R{g) = —n{n — 1) let f{t) = tint for t > 2. We have 

(3.7) =-_[„(„ + ^ + 

We can show that it is not possible to conformally deform the metric 

into a complete metric of nonnegative scalar curvature outside a compact set. Ac- 
turally we can show more. We first note that if 

fit) fit) < -c' 

for some positive constant c and for t > to > 2, then 

m<m- f'^ds, 

Jt' J[s) 

where t > t' > tg. As fit) < 0, we have fit) < Ct for all t > to, where C is a 
positive constant. Therefore 

fit) < fit') - i^)' f -ds^-^ as t ^ oo . 
G Jt' t 

Thus fit) < when t is large. As in theorem 1.12, we assume that the boundary of 
M is connected. And the case where dM has more than one connected component is 
similar. 

Theorem 3.8. For n > 3, let M be a compact (n + l)-mamfold with boundary N. 
Suppose that N belongs to class (C) and g is a Riemannian metric on N with scalar 
curvature Rig) < — for some positive constant n. Let g' be a complete Riemannian 
metric on M with 

g'it,x) ^ dt'^ + fit)gix) on (2,oo)xAr. 

Suppose that fit) fit) > —c^ for all t large, where c^ = 2(fi;^ — 5)/(3n + 1) and 
6 is constant such that < 6 < k,^. Assume that either (i) fit) < Ctlnt or (ii) 
fit) > Ct"' with a > 1, for t large, then there does not exist a complete Riemannian 
metric conformal to g' with nonnegative scalar curvature outside a compact set. 

Proof. Let Riemannian metric conformal to g' , where w is a 

positive smooth function. Assume that g" is complete and the scalar curvature of g" 
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satisfies Rgii > outside a compact set. The conformal scalar curvature equation [7] 
gives 

for all t > t'. Fix a value t > t' and integrate the above inequahty with respect to 
the fixed Riemannian manifold {N,g), we have 



fit) dt 

+ 72(^^{'^' + 2r^/(^)r(^) +n(n- l)|/(t)r}(y^«(x,t)ci^,) < 0, 

where we have used Green's theorem and the fact that Rg < —k^ for some positive 
constant k. For t>t', let 

U{t) = / u{x, t)dvg . 

Then we have 

(3.9) U" + ^[/' + J^'^W + ^nf{t)nt) + n{n - l)\fmU < . 

For t > t' > 0, let U{t) = f"{t)v{t), where a is a constant to be determined later. 
Then we have 

u'{t) = ar-\t)mvit)+nt)v'it), 

U"{t) = a{a - l)r-\t)\f{t)\Mt) + ar-\t)nt)v{t) + 2ar-\t)nt)v'{t) + nt)v"{t) . 
Substitute into (3.9) we have 

(3.10) r-\t)\nt)\\{f)[a{a -l)+na + ^^^^] + nt)v"{t) 

+ (n + 2a) r-\t)nt)v'{t) + r-\t)v{t)[K^ + (2n + a)f{t)nt)] < 

for all t > > 0. As 

q;(q; - 1) + no; + — = a H Y > 

4 2 

and f{t)f"{t) > 2(-fi;2 + 5)/(3n + 1), we have 

nt)v"{t) + {n + 2a)r-\t)f'{t)v'it) < -[k' + (2n + ■ 
Or 

(3.11) (r^'^t)v\t)y < -[k' + {2n + «)^|=;^^]r^'"''(^)^w • 
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Choose a such that n + 2a = 1, that is, a = — (n — l)/2, we have 

{mv'{t)y<-Sj^y 

Upon integration we have 



(3.12) f{t)v'{t) - fiQv'iQ <-S [ ^ds , 

Jto } [s) 

where t > to>t'. If v'{t) > for all t >t', then we have 

f{t)v'{t) < f{to)v'{to) - Sv{to) f -^^ds. 

As f{t) < Ctlnt, for some positive constants C and for t > tg, we have 
/■* 1 1 /■* 1 1 

/ -Fr^ds>— — — (is = —(Inlnt - Inlnto) ^ oo 
Jto J{s) C Jto sms C 

as i — > oo. That is, v'{t) < when t is large. Thus we can find a tg such that 
v'{to) < 0. Hence 

fit)v'it)<-c" f^ds, 
Jto sins 

that is v'{t) < for all t >to- Here c' is a positive constant. We have 

(3.13) f{t)v'{t) < -c'Mt) f -^ds . 

For any positive constant C > 0, we can find t" > to such that for all t > t" , (3.13) 
gives 

, ,,, „lnlnt 

Therefore 

ln4^<-c"2(lnlnt)2, 
where c" is a positive constant. Thus 

for some positive constants C and (3 and for t > tg. Thus 

(3.14) U{t) < < 



f'^it)ihitf ~ (tlnt)'^(lnt)'« 
Since n > 3, we have 2/ (n — 1) < 1. By Holder's inequality, we have 

/ w^dt;,<[Vol(iV,^)]H(/ udv,)^^ <C'V^^it)<——-, 
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where 7 > 1 is a positive constant. Thus 

roo r 2 r°° dt 

(3.15) / / u^dVadt<C' — — — <oo. 

^ ^ Jt" Jn ^ Jt" t{\ntp 

Hence we can find Xo & N such that 

r-oo 2 

/ M^(xo, t)dt < 00 . 

Jt" 

Therefore the curve 7(t) = (t, Xo) for t G {t" , 00) has finite length in the Ricmannian 
metric g" = u*^^"'~^^g' , that is, the metric g" is not complete. In case f{t) > Ct"" for 
a > 1, then (3.12) gives 

mv'it) < c 

or 

v'{t) < — 
Thus v{t) < C" for all t > U and hence 

U{t) < . 

As a > 1, we can conclude as above that the metric g" is not complete. Q.E.D. 

We note that functions of the type f{t) = Cf"{lnt)^ satisfy the conditon of 
theorem 3.8, where a, /3, and C > are constants, where if a = 1, then (3 < 1. 

4. Scalar curvature of polar type Riemannian metrics 



Given a compact n-manifold N and a constant a > 0, consider the following metric 
on (a, 00) X N: 

(4.1) g{t,x) = dt' + f{t,x)g{x), 

where / is a positive smooth function on (a, 00) x and is a fixed Riemannian 
metric on N. Let R{f^{t,»)g) be the scalar curvature on N corresponding to the 
Riemannian metric f'^{t,»)g, that is, the Riemannian metric conformal to g with 
conformal factor /^(t, •), where t is treated as a constant. Let R be the scalar 
curvature of the Riemannian metric 'g. We show that (c.f. 



(4.2) i?(t,x) = i?(/2(t,.)<^)(t,x)--^^[2n/(t,a;)^(t,x-) + n(n-l)|^(t,a;)|2] 
In particular, if / depends on t only, then 

R{f{t,.)g){t,x)^j^R{g), 
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which gives equation (1.2). In general, if n > 3 and we let = / 2 (t, •), then 
(4.3) R{f{t, •)g) = c;V"^[cni?(^)/i - Ag/x] , 

where c„ = (n - 2)/[4(n - 1)] [7]. 

Let {xi,X3, ...,Xn) be a set of local coordinates for N and let Xg — t. Since 
Rojko = Rjook , we have 

(4.4) R = J2 g'^t^Rm 

0<i,j,k,l<n 

where Rijki is the Riemannian curvature tensor for the metric g and is given by 

-p _ 1/ ^^^jfc I d'^Vii 9'^9ik ^^9ji ^ sr^ /y^bpa _rbpa>, 
'''^■'^-2^9x,ax, + 9x,9x, + ' ' 

Here 

r}. = ^Er(f^ + f^-f^), 0<z,,,fc<n 
^ 2^ (9a;fc (9xj 

are the Christoffel symbols for "g. Using 

df 

(4.5) r;, = -f-^9jk. l<hj<n- 

= 0, 0<A;<n; 

r^o = > < i < n; 
1 9/ 

^^■'^ - 2„4l^ + dx, dxj' 1<M,^<^, 

we obtain i?oooo = and for 1 < j, /c < n, we have 

(4-6) E 9''R^.^i---M- 

l<j,k<n J 



For 1 < i, j, k,l < n, we have 

Rijkl 



1 / ^ 9jk , ^^gif ^^gjfc ^ 9jl X V- /p6T.a _p6paN 

2^dXidxi dxjdXk dxjdxi dxidxj ^ ^^jX<n " ' 



The first two terms on the right hand side of the above equation has no derivatives 
with respect to t and by (4.5) it is equal to R{p{t, •)g)ijki , the Riemannian curvature 
tensor for the Riemannian metric f'^{t, •)g, for 1 < k, I . And 

i^^jk - r°,r° ) = f\^\\gm, - g.,g,i) . 
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Thus we have 



(4.7) Yl 9''t^Ri3ki = E 9''t^R{f{t.*)9)i3ki 

l<i,j,k,l<n l<:i,j,k,l<n 

df 

+ E y^y^'^f I ^ r {9ii9jk - 9ik9ji) 



'i-<i,j,k,l<n 

= Rifit,.)g)- 



2U \ \ ^(^- 1)|^/|2 



P 'at' ■ 

Substitute (4.6) and (4.7) into (4.4) we have obtained the desired formular. Using 
(4.4), the curve 7(t) = (t, x) is a geodesic for t > 2, where x & N. The metric 'g as 
defined in (4.1) is of polar type (c.f. [3]). 

Theorem 4.8. For n > 3, let g be a Riemannian metric on N with nonpositive 
total scalar curvature. Then the scalar curvature R of the Riemannian metric g in 
(4-1) cannot he uniformly positive for t large enough. 

Proof. Assume that R > for all t > t' and x E N, where a and t' > a are 
positive constants. Prom (4.3) we have 

R{f'Mg)^^M9)-<^n'^\- 
Substitute into equation (4.2) we have 

(4.9) pR{t,x) = -c-'^ + R{g)-2nf{t,x)^{t,x)-n{n-l)\^{t,x)\' 

_,A,i, d\p) df, 

where we have used the formular 

Fix at > t' and integrate both sides of (4.9) with respect to {N, g), we have 
(4.10) 

Jj'Rdv, = -c-^J^^dv,+J^Rig)dv,-nJ^-^dv,-n{n-3)J^\-fdv,, 

where we have used Green's identity. Using the fact that n > 3, R > a'^ ior t > t' 
and 

/ R{g)dvg<0, 

Jn 

we have 
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where 



"^dVg . 



Or 

(4.11) F"{t) <-b^F{t) for t>t', 

where b — aj^Jn is a positive constant. If there is to > t' such that F'{to) < 0, then 
integrating both sides of (4.11) gives 

(4.12) F'{t) < F\to) - 6^ r F{s)ds for t>to. 

Jto 

Thus F[t) < for some t large enough, contradicting that / is a positive function. 
Therefore F'{t) > for all t > t' . Then (4.11) gives 



t 

oo as i — > oo 

t„ 



F'{t) < F'{to) - b^F{to) [ ds- 

which contradicts F'{t) > for all t > t'. Q.E.D. 

Conbining the proof of lemma 1.8 and the above theorem 4.8, it can be shown 
that the scalar curvature R olg cannot decay to zero too slowly. More precisely, R 
cannot be bigger than or equal to 

cn 

for allt>t'>a and x E N, where c > 1 and t' are constants. For if 



then (4.10) gives 



— cn 



t'^F" + ^F <0 



4 

for all t > t' . The proof of lemma 1.8 shows that F(t) =0 for some t large. On the 
other hand it is known that F{t) > for all t > a. 

Theorem 4.13. For n > 3, let g be a Riemannian metric on N with negative total 
scalar curvature. Then the scalar curvature R of the Riemannian metric g in (4-1) 
cannot be bigger than —c/t^ for some constant c < 2n and for all t > t' > 2 and 
X & N. In particular, R cannot be nonnegative for all t large. 



Proof. Assume that 



Jn 



V, < -b' 



and 



R{t,x)>-^ for t > t' and xeN, 
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where c < 2n and 6 is a positive constant. Then (4.10) gives 

-^F{t) < - nF"{t) for t > t' , 

or 

(4.14) F"{t) < + ^F{t) for t > t' , 

where d = c/n < 2 is a constant. If d < 0, then (4.14) shows that F{t) < for i 
large enough. So we may assume that d > 0. From (4.14) we have 

F"(t) d , 

It follows from the proof of lemma 3.3 that 

(4.15) F{t) < Cf for t>to>t' , 

where C is a positive constant and e > 1 is a positive constant such that e(e — 1) = d. 
In particular, e < 2. Then (4.14) and (4.15) imply that F"{t) < -b'^/{2n) for all t 
large enough. Thus F{t) < when t is large enough. Q.E.D. 

The Laplacian for the metric g{t, x) = dt^ + pit, x)g{x) is given by 



/ . N A '^'^^ n df du n — 2 „ 1 ^ 

(4.16) A^ = — + -— — + -^< V9/,V9«>9+-^A3« 



for u e C°°((a,oo) x N) . Suppose that u{t,x) is a positive smooth function. The 
scalar curvature Rc of the Riemannian metric 

{t, x)g = (t, x) [dt^ + fit, x)gix)] 

is given by the following: 

n+3 

(4.17) ^gU- Cn+lRgU + Cn+lRcU^-^ = , 

where c„+i = (n — l)/(4n). 

Theorem 4.18. For n > 3, let M be a compact (n + l)-manifold with boundary N. 
Suppose that N is connected and g is a Riemannian metric on N. Suppose that f is 
a positive smooth function on (2, oo) x N such that 

(4.19) \^\<C,L and \^\<^, 

for all t > f > and x G N. Let 'g be a complete Riemannian metric on M such 
that git, x) — dt^ + f^it, x)gix) on (2, oo) x A^. Assume that g has scalar curvature 
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Rg < —IP' for all t > t' and x E N, where t' > 2, Ci, C2 and h are positive constants. 
Then for any positive smooth function u on (a, 00) x N with 

(4.20) \^\<Cu for all t > and x e , 

where ti > 2 and C are positive constant, ifu^-^ g is a complete Riemannian metric , 

4 _ 

then the scalar curvature Rc of the conformal metric w^-^ g cannot not he nonnegative 
for all t large . 

4 

Proof. Assume that the scalar curvature of the Riemannian metric U"-^ g is non- 
negative for all t > t2 and x e N, where ^2 > 2 is a constant. If to — max{i' ,^1,^2,}, 
then for t > to, the scalar curvature equation (4.17) togather with (4.16) and (4.17) 
give 

d^u ndfdu n — 2 „ 1^ 9 

where = c„+i6^ is a positive constant. Multiple (4.21) by /" we obtain 

(4.22) r ^ + nr-i|^^+ < v.r^' , >s +r-'A,« + cV"« < . 

Fix a t > to and integrate (4.22) with respect to the Riemannian metric g and apply 
Green's identity, we have 

[ r—dv + f nr-^ ——dv +c^ f rudv <0 
Jn-' dt^ '^Jn^ dt dt Jn^ uavgSO 

for all t > to, or 

, du 



m = f r 

Jn 



where 



udvg > for t > to- 



We have 



dt Jn at Jn ot 

d , r „^du 



dt^ 



dVg 



Using (4.19), (4.20) and (4.23) we have 

(4.24) -^{t) < ^—^±^T{t) + -^Tit) + - <?^{t) 
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for t > to- Thus we can find positive constants t > to and c' such that 
(4.25) J^"(t) < -c'^J^it) for all t>t. 

As in the proof of theorem 4.8, (4.25) implies that J-^{t) < when t is large enough. 
Q.E.D. 

It follows as in theorem 4.8 that we can relax the condition on the scalar 
curvature of g to 

Rq< 

for all t > t' and x E N, where t' > a, h and a < 1 are positive constants. Then 

(4.24) gives 

(fT, , nin — 1)C? , nC2 ^, nCCi ^, , (? ^, ^ 

-^(t) < -^^^m + -^m + -^nt) - -m ■ 

For t large enough, since a < 1, we have 

:F"{t)<-^m<-jY2^it), 

where C and c' > 1 are positive constants. The proof of lemma 1.8 imphes that 
J^{t) — for some large t. 



Appendix 

Proposition A.l. For n>2, let M be a compact {n + 1) -manifold with boundary 
dM and interior M. Given any smooth function R e C°°(M) , there is a Riemannian 
metric g (non-complete if dM 0) defined on M such that R is the scalar curvature 
of g in M. 

Proof. If M is a compact manifold with boundary, then the double of M, defined 

by _ _ _ 

2M = (M X {1} U M X {2} )/dM , 

can be given a C°° structure as a compact manifold without boundary, such that the 
inclusions 

ik-.M ^ 2M 

X — > (x, A;)/~, A; =1,2, 

are diffeomorphisms onto their range [9]. By Seeley's extension theorem [9], any 
smooth function R defined on M = ii{M) can be extended to a smooth function R' 
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on 2M. We can modify the function R' on i2{M) so that it is negative somewhere 
there. Then the classification theorem of Kazdan and Warner imphes that there is 
a Riemannian metric g' on 2M such that the scalar curvature of g' is the extended 
function R'. We can take g to be the restriction of g' on ii{M). The Riemannian 
metric g is not complete if dM is nonempty. Q.E.D. 
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